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Abstract 

We characterize Poisson and Jacobi structures by means of complete lifts of the corresponding 
tensors: the lifts have to be related to canonical structures by morphisms of corresponding vector 
bundles. Similar results hold for generalized Poisson and Jacobi structures (canonical structures) 
associated with Lie algebroids and Jacobi algebroids. 
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1 Introduction 

Jacobi brackets are local Lie brackets on the algebra C°°(M) of smooth functions on a manifold M. 
This goes back to the well-known observation by Kirillov [|kJ that in the case of A = C°° (M) every 
local Lie bracket on A is of first order (an algebraic version of this fact for arbitrary commutative 



associative algebra A has been proved in Gr|). 

Since every skew-symmetric first-order bidifferential operator J on C°°(M) is of the form J = 
A + I A L, where A is a bivector field, T is a vector field and I is identity, the corresponding bracket 
of functions reads 

{f,9}j = Hf,9) + fng)-anf)- (i) 

The Jacobi identity for this bracket is usually written in terms of the Schouten-Nijenhuis bracket [•, ■] 
as follows: 

[r,A]=0, [A,A] = -2LAA. (2) 

Hence, every Jacobi bracket on C°°(M) can be identified with the pair J = (A, T) satisfying the above 
conditions, i.e. with a Jacobi structure on M (cf. Q). Note that we use the version of the Schouten- 
Nijenhuis bracket which gives a graded Lie algebra structure on multivector fields and which differs 
from the classical one by signs. The Jacobi bracket ([!]) has he following properties: 

1. {a, b} = —{6, a} (anticommutativity) , 

2. {a, be} = {a, b}c + 6{a, c} — {a, l}bc (generalized Leibniz rule), 
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3. {{a, b}, c} = {a, {b, c}} — {6, {a, c}} (Jacobi identity), 

The generalized Leibniz rule tells that the bracket is a bidifferential operator on C°°(Af) of first order. 
In the case when T = (or, equivalently, when the constant function 1 is a central element), we deal 
with a Poisson bracket associated with the bivector held A satisfying [A, A] = 0. 

For a smooth manifold M we denote by Am the canonical Poisson tensor on T*M, which in local 
Darboux coordinates [x l , pj ) has the form Aj\/ = d Pj A d x j . In JGU| the following characterization 
of Poisson tensors, in terms of the complete (tangent) lift of contravariant tensors X i— » X c from the 
manifold M to TM, is proved. 

Theorem 1 A bivector field A on a manifold M is Poisson if and only if the tensors Am and — A c 
on T*M and TM , respectively, are ^-related, where 

Da : T*M — > TM, |j A (w x ) = i^A{x). 

So, for a Poisson tensor A the map $a : (T*M, Am) — > (TM, —A c ) is a Poisson map. 

The aim of this note is to generalize the above characterization including Jacobi brackets and 
canonical structures associated with Lie algebroids and Jacobi algebroids. 

2 Lie and Jacobi algebroids 

A Lie algebroid is a vector bundle r : E — > M, together with a bracket [•, •] on the C°° (M)-module 
Sec(E) of smooth sections of E, and a bundle morphism p : E — > TM over the identity on M, called 
the anchor of the Lie algebroid, such that 

(i) the bracket [•, •] is M-bilinear, alternating, and satisfies the Jacobi identity; 

(ii) [X, fYj = f{X, Yj + p{X){f)Y for all X, Y 6 Sec(E) and all / £ C°°(M). 
From (i) and (ii) it follows easily 

(hi) p([X,Yj) = [p{X),p(Y)\ for all X, Y e Sec(£). 

We will often identify sections /i of the dual bundle E* with linear (along fibres) functions on 
the vector bundle E; L fl (X p ) =< p(p),X p >. If A is a homogeneous (linear) 2-contravariant tensor 
field on E, i.e. A is homogeneous of degree -1 with respect to the Liouville vector field A^, then 
< A, d^CSdij, >= {l^, 6„}a is again a linear function associated with an element [p, The operation 
[p, v]a on sections of E* we call the bracket induced by A. This is the way in which homogeneous Poisson 
brackets are related to Lie algebroids. 

Theorem 2 There is a one-one correspondence between Lie algebroid brackets [•, -]a on the vector 
bundle E and homogeneous (linear) Poisson structures A on the dual bundle E* determined by 

i[x,y] A = {ix^yJa = A(dt x ,dL Y )- (3) 

For a vector bundle E over the base manifold M, let A{E) = ® k& A k {E), A k (E) = Sec(/\ k E), 
be the exterior algebra of multisections of E. This is a basic geometric model for a graded associative 
commutative algebra with unity. We will refer to elements of tt k (E) = A k (E*) as to k- forms on E. 
Here, we identify A°(E) = fl°(E) with the algebra C°°(M) of smooth functions on the base and 
A k (E) = {0} for k < 0. Denote by \X\ the Grassmann degree of the multisection X G A(E). 

A Lie algebroid structure on E can be identified with a graded Poisson bracket on A(E) of degree 
-1 (linear). Such brackets we call Schouten-Nijenhuis brackets on A(E). Recall that a graded Poisson 
bracket of degree k on a Z-graded associative commutative algebra A = (BiezA 1 is a graded bilinear 
map 

{•,•}: A x A^> A 
of degree k (i.e. \{a, b}\ = \a\ + \b\ + k) such that 
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1. {a,b} = -(-l)(l a l+ fe )(l b l+ fe ){6 j a } (graded anticommutativity), 

2. {a, be} = {a, b}c + (-l)(M+ fc )l&l b{a,c} (graded Leibniz rule), 

3. {{a, b}, c} = {a, {b, c}} - (-l)(\ a \+ k )d b \+ k ){b, {a, c}} (graded Jacobi identity). 

It is obvious that this notion extends naturally to more general gradings in the algebra. For a graded 
commutative algebra with unity 1, a natural generalization of a graded Poisson bracket is graded Jacobi 
bracket. The only difference is that we replace the Leibniz rule by the generalized Leibniz rule 

{a, be} = {a, b}c + (-l)^ +k ^%{a, c} - {a, l}bc. (4) 

Graded Jacobi brackets on A{E) of degree -I (linear) we call Schouten- Jacobi brackets. An element 
X £ A (E) is called a canonical structure for a Schouten-Nijenhuis or Schouten- Jacobi bracket [•, •] if 
[X,X] = 0. 



As it was already indicated in [KS|, Schouten-Nijenhuis brackets are in one-one correspondence 
with Lie algebroids: 

Theorem 3 Any Schouten-Nijenhuis bracket [•, •] on A(E) induces a Lie algebroid bracket on A 1 (E) = 
Sec(E) with the anchor defined by p(X)(f) — [X, /]. Conversely, any Lie algebroid structure on 
Sec(E) gives rise to a Schouten-Nijenhuis bracket on A(E) for which A 1 (E) = Sec(E) is a Lie subal- 
gebra and p(X)(f) = [X, fj. 

We have the following expression for the Schouten-Nijenhuis bracket: 

\Xi A ... A X m , Yi A • • ■ A Y n J = (5) 
Y / (^) k+l lX k , Yi\ A . . . A X k A . . . A X m A Y x A . . . A Y, A . . . A Y n , 

k,l 

where Xj, Yj £ Sec(E) and the hat over a symbol means that this is to be omitted. 

A Schouten-Nijenhuis bracket induces the well-known generalization of the standard Cartan calculus 



of differential forms and vector fields Ma, MX]. The exterior derivative d : Q k (E) — » Vt k+1 (E) is defined 
by the standard formula 

d/i(Ai, . . .,X k+ i) = ^(-l) i+1 [Xi,M(X 1) ...,X i ,...,X fe+1 )] 

i 

+ Y,(-l) i+j »(lX i ,X j lX 1 ,...,X h ...,X j ,...,X k+1 ), (6) 

i<j 

where Xi £ Sec(E). For X £ Sec(E), the contraction ix- fl p (E) — » fl p ^ 1 (E) is defined in the standard 
way and the Lie differential operator £ x is defined by the graded commutator 

£x = ix d + d o i x . (7) 

Since Schouten-Nijenhuis brackets on A(E) are just Lie algebroid structures on E, by Jacobi alge- 



broid structure on E we mean a Schouten- Jacobi bracket on A(E) (see [GM|). An analogous concept 



has been introduced in | IM1 under the name of a generalized Lie algebroid. Every Schouten- Jacobi 
bracket on the graded algebra A(E) of multisections of E turns out to be uniquely determined by a 
Lie algebroid bracket on a vector bundle E over M and a 1-cocyclc $ £ O 1 (i?) , d<I> = 0, relative to 



the Lie algebroid exterior derivative d, namely it is of the form [IM1 



(X, Y] = [A, Yj+xX A i$Y - {-Ifyi^X A Y, (8) 

where [,-,-] is the Schouten bracket associated with this Lie algebroid and where we use the convention 
that x = \X \ — 1 is the shifted degree of X in the graded algebra A(E). Note that <& is determined by 
the Schouten- Jacobi bracket by iq,X = (—l) x lX, 1]$, so that (|^) is satisfied: 

IX, Y A Z\ 9 = \X, Y\ 9 A Z + (-lf^'y A {X, Z]« - [X, 1]$ A Y A Z. (9) 
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We already know that there is one-one correspondence between Lie algebroid structures on E and 
linear Poisson tensors A E on E* . To Jacobi algebroids correspond Jacobi structures J§ on E* which 
are homogeneous of degree -1 with respect to the Liouville vector field A^», namely 

jf * = A E * + A E * A - I A 

where $" is the vertical lift of $ to a vector field on E*. The above structure generates a Jacobi 
bracket which coincides on linear functions with the Poisson bracket associated with A E . 

One can develop a Cartan calculus for Jacobi algebroids similarly to the Lie algebroid case (cf. 



|IM1|). For a Schouten- Jacobi bracket associated with a 1-cocycle $ the definitions of the exterior 
differential d* and Lie differential «£* = d*oi + iod* are formally the same as @ and (R), respectively. 
Since, for X 6 Sec(E), f e C°°(M), we have [A, /]$ = [A, fj + (i®X)f, one obtains d*/x = d^ + ^A^. 
Here [•, •] and d are, respectively, the Schouten-Nijenhuis bracket and the exterior derivative associated 
with the Lie algebroid. 

Example 1. A canonical example of a Lie algebroid over M is the tangent bundle TM with the 
bracket of vector fields. The corresponding complex (fl(TM), d) is in this case the standard de Rham 
complex. A canonical structure for the corresponding Schouten-Nijenhuis bracket is just a standard 
Poisson tensor. 

Example 2. A canonical example of a Jacobi algebroid is (T\M — TMffiM, (0, 1)), where T\M is the 
Lie algebroid of first-order differential operators on C°°(M) with the bracket 

[(XJ),(Y,g)] 1 = ([X,Y},X(g)-Y(f)), X,Y e Sec(TM), f,geC°°(M), 

and the 1-cocycle $ = (0,1) is &((X, /)) = /• A canonical structure with respect to the corresponding 
Schouten- Jacobi bracket on the Grassmann algebra A{T X M) of first-order polydifferential operators on 
C°°{M) turns out to be a standard Jacobi structure. Indeed, it is easy to see that the Schouten- Jacobi 
bracket reads 

{Ax + 1 A A 2 ,B X + 1 A B 2 \ x = {A^B^ + (-l) a I A {A U B 2 \ + 1 A \A 2 ,B l \ 

+aAi AB 2 - (-l) a bA 2 A B x + (a - b)I A A 2 A B 2 . (10) 

Hence, the bracket {•, •} on C°°(M) defined by a bilinear differential operator A + / A F e A(T X M) is 
a Lie bracket (Jacobi bracket on C°°(M)) if and only if 

[A + / A F, A + / A F] = [A, A] + 2/ A [r, Al + 2A A F = 0. 

We recognize the conditions @) defining a Jacobi structure on M, 

There is another approach to Lie algebroids. As it has been shown in |]GU1 , GU2], a Lie algebroid 



structure (or the corresponding Schouten-Nijenhuis bracket) is determined by the Lie algebroid lift 
X i ► X c which associates with X 6 T~{E) a contravariant tensor field X c on E. The complete Lie 
algebroid and Jacobi algebroid lifts are described as follows. 



Theorem 4 ( !jGU% l) For a given Lie algebroid structure on a vector bundle E over M there is a 



unique complete lift of elements X G Sec(E® k ) of the tensor algebra T(E) = (&i~Sec{E® k ) to linear 
contravariant tensors X c € Sec((TE)® k ) on E , such that 

(a) f c = L df forfeC°°(M); 

(b) X c {i^) - L£xll for X S Sec(E), fi G Sec(E*); 

(c) (X(E> Y) c = X c (g) Y v + X v <g) Y c , where X i-v X v is the standard vertical lift of tensors from T (E) 

to tensors from T(TE), i.e. the complete lift is a derivation with respect to the vertical lift. 

This complete lift restricted to skew- symmetric tensors is a homomorphism of the corresponding Schouten- 
Nijenhuis brackets: 

{X,Yj c = lX c ,Y c l (11) 

Moreover, 

{X,Yf = {X c ,Y v l (12) 
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Corollary 1 If P € A 2 (E) is a canonical structure for the Schouten bracket, i.e. |P, P] = 0, i/ien 
P c is a homogeneous Poisson structure on E. The corresponding Poisson bracket determines the Lie 
algebroid bracket 

{a, 0j P = (i #p{a) d/3 - z #p(/3) da + d(P(a, /3)) (13) 

on E*. 



Remark. For the canonical Lie algebroid E — TM, the above complete lift give s the better- known 
tangent lift of multivector fields on M to multivector fields on TM (cf. |l^, GU]). In this case the 
complete lift is an injective operator, so A is a Poisson tensor on M if and only if A c is a Poisson 
tensor on T M. Th e complete Lie algebroid lift of just sections of E, i.e. the formula (b), was already 
indicated in flVLXl| , 

Let us see how these lifts look like in local coordinates. Let (x a ) be a local coordinate system on 
M and let ei, . . . , e n be a basis of local sections of E. We denote by e* 1 , . . . , e* n the dual basis of local 
sections of E* and by (x a ,y z ) (resp. (a; a ,£i)) the corresponding coordinate system on E (resp. E*), 
i.e., L ei = £i and i e *i = y l . The vertical lift is given by 



(Cil, 



e ik ) v 



If for the Lie algebroid bracket we have [e^, ef\ — cfLe fc and if the anchor sends et to dfd x °., then 



A 



E* 



Moreover, 



and 



dX k 



{x*e t y = x*dfd x « + (x*c% + —dyuro :f . 

It follows that, for P = \P % ^e% A ej, we have 



1 BT 3 ^ 

p c = p»qa v A d x a + (pVcj, + -—d?)y l d yi A d yj . 



(14) 

(15) 
(16) 

(17) 



There is an analog of the Lie algebroid complete lift for Jacobi algebroids which will represent the 
Schouten- Jacobi bracket on A(E) in the Schouten- Jacobi bracket of first-order polydiffercntial opera- 
tors on E. Here by poly differential operators we understand skew-symmetric multidifferential operators. 
Let [•,•]* be the Schouten- Jacobi bracket on A(E) associated with a Lie algebroid structure on E and 
a 1-cocycle $. 

Definition. ( |GM| ) The complete Jacobi lift of an element X 6 T k (E) is the multidifferential operator 
of first order on E, i.e. an element of Sec((TiE)® k ), defined by 

X* = X c - (k - l)i$X v + i IS)dM X v , (18) 

where X c is the complete Lie algebroid lift, X v is the vertical lift and «/®d(i, 4 ,) is the derivation 
acting on the tensor algebra of contravariant tensor fields which vanishes on functions and satisfies 
ij^^^X = X(t$)7 on vector fields. The derivation property yields 

*z®d(t.)(*i ® • • • ® X v k ) = ^2(X U *>JCf ® ■ ■ ■ ® XV_ r ® / ® X? +1 ® • • • ® XI 

i 

for X x ...,X k eSec{E). 

Theorem 5 ( IgM] ) The complete Jacobi lift has the following properties: 
(a) U=t A * / for f eC°°(M); 
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(b) X^ = X C + {i^Xyi for X G Sec(E); 

(c) {X®Y)^ = X* ® Y v + X v ® % - l*(X v ® Y v ); 

(d) For skew- symmetric tensors X and Y , 

[x»,y»]i = ([x,y]*)£, 

where is i/ie Schouten-Jacobi bracket of first-order poll/differential operators; 

(e) For skew- symmetric X and Y 

[x $ ,yi 1 = ([x,y] $ r ; 

Remark that in |GM ] only skew-symmetric tensors have been considered, but the extension to arbitrary 
tensors is straightforward. 

Definition. ( |GM| ) The complete Poisson lift of an element X 6 T k (E) is the contravariant tensor 
Xg G Sec((TE)® k ), defined by 

X% = X c - (k - l)u*X v + i AE(SdM X v , (19) 

where is the Liouvillc vector field on the vector bundle E and X c is the complete Lie algebroid 
lift, X v is the vertical lift and «A E ®d(t 4 ,) is the derivation acting on the tensor algebra of contravariant 
tensor fields which vanishes on functions and satisfies iA®dU®)X = X(c$)Ae on vector fields. 



Theorem 6 ( ffJA\ j) The Poisson lift has the following properties: 

(a) fg = t d * f forf€C°°(M); 

(b) = L £%fl for X G Sec(E), p G Sec(E*); 

(c) (X®Y)l =Xg® Y v + X v ® Y% - L*(X V ® Y v ); 

(d) For skew- symmetric X and Y 

[lS,%] = ([X,Y]*)£ c . 

Corollary 2 J/P £ A 2 (E) is a canonical structure for the Schouten-Jacobi bracket, i.e. [P, P]$ = 
[P, P] + 2P A «$P = 0, then P$ (resp. P^,) is a homogeneous Jacobi (resp. homogeneous Poisson) 
structure on E. The corresponding Jacobi and Poisson brackets coincide on linear functions and 
determine the Lie algebroid bracket 

[a, 0\ P = ( J#p(a) d*/3 - l#p(/3) d*a + d*(P(a, 0)) (20) 

on E*. 



3 Characterization of Poisson tensors. 

Theorem 1 of Introduction can be generalized in the following way. Let us remark first that any two- 
contravariant tensor A (which is not assumed to be skew-symmetric) defines a bracket [•, -]a on 1-forms 
on M by 

[fi, u] A = H A M dl/ ~ Hk(u)^ + d<A,fi(Z>v>, (21) 
where < -, ■ > is the canonical pairing between contravariant and covariant tensors. 

Theorem 7 For a two- contravariant tensor A on a manifold M the following are equivalent: 
(i) A is a Poisson tensor; 
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(ii) Ua induces a homomorphism o/[-,-]a into the bracket of vector fields: 

Ia([Ma) = [IU(aO,IIaM]; ( 22 ) 

(Hi) The canonical Poisson tensor Km and the negative of the complete lift — A c are ^-related; 

(iv) There is a vector bundle morphism F : T*M — > TM over the identity on M such that the 
canonical Poisson tensor Am and the negative of the complete lift —A c are F -related; 

(v) The morphism (|a relates Am with the complete lift of a 2-contravariant tensor A\. 

(vi) There is a vector bundle morphism F : T* M — > TM over the identity on M such that 

F([ f i,v] A ) = [F( t x),F(v)}. (23) 

(mi) There is a 2-contravariant tensor Ai on M such that 

fo(MM) = [foO*)Mv)]; (24) 



Proof. The implication (i) =>■ (ii) is a well-known fact (cf. e.g. [KSMQ. 

Assume now (ii). To show (Hi) one has to prove that the brackets on functions {•, -}a A / and {•, - }\c 
induced by tensors Am and A c by contractions with differentials of functions are OA-related, i.e. 

- {/) q}a° ° Ba = {/ °h,9° h}\ M (25) 
for all /, g G C°°(TM). Due to Leibniz rule, it is sufficient to check (p5|) for linear functions, i.e. for 



functions of the form t M , where \x is a 1-form and i/j,(v x ) — < fJ-(x),v x >. It is well known (sec [Co, SU|) 
that the brackets induced by A and its complete lift are related by 

{t^i^A^'HA' (26) 

It is also known (cf. @) that 

L [x,Y] = {I'X, i-y}k u 

for vector fields AT, Y on M. Since o (j^ = — tj A ( A1 ), we get 

-{V>^}A c °ttA = -^.Ha ° Ha = ^aO^U) (27) 

= {v ° Ha, I'v ° SaIam 

which proves (ii) =>■ (m). In fact, ( p7|) proves equivalence of (ii) and (Hi). 

Replacing in ( |27| ) the mapping (J a by a vector bundle morphism F : T* M — > TM, we get equivalence 
of (ro) and (vi). Similarly, (v) is equivalent to (vii). The implication (m) => (iu) is obvious, so let 
us show (iv) =>■ (i). Assume that F relates Am and A c . We will show that this implies that A is 
skew-symmetric and F = (J a- Since the assertion is local over M we can use coordinates (x a ) in M 
and the adapted coordinate systems (x a ,pi) in T*M and (a; ,^') in TM. Writing A = A^d x i ® c\.j 
and F(x a ,Pi) = (x a ,F lj pi), we get 

/ A a a «) = ' "■'l>~— i h A - F" d x i A ih . (28) 

Since 

A< = ^8 xi ®8 xj+ AHB xi ®0 xi+ 8 xi ®8 xi ), (29) 
comparing the vertical-horizontal parts we get A lJ — F lJ — —F Jl , i.e. A is skew-symmetric and F = (Ja- 



Going backwards with (E7J) we get (ii). But for skew tensors we have (cf. [KSM]) 



i[A,A]( M ^,7) =< I)a(Ma) - [ttA(M),ttAM,7 >, (30) 
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where [•, ■] is the Schouten-Nijenhuis bracket, so that [A, A] = 0, i.e. A is a Poisson tensor. 

Finally, (v) is equivalent to (Hi), since (Hi) =^ (v) trivially and exchanging the role of F and A in 
dgji ) and (|9|) we see that, as above, A y = so that any tensor whose complete lift is j}A-related to 
Am equals —A. ■ 

A similar characterization is valid for any Lie algebroid. Let us consider a vector bundle E over M 
with a Lie algebroid bracket [•, •] instead of the canonical Lie algebroid TM of vector fields (cf. [Ma, 
KSM| |GU0[ ). The multivector fields are now replaced by multisections A(E) = ® k A k (E), A k (E) = 
Sec(/\ E), of E and the standard Schouten-Nijenhuis bracket with its Lie algebroid counterpart. A 
Lie algebroid Poisson tensor (canonical structure) is then a skew-symmetric A S A 2 (E) satisfying 
[A, A] = 0. Such a structure gives a triangular Lie bialgebroid in the sense of [MX]. We have the 
exterior derivative d on multisections of the dual bundle E* (we will refer to them as to "exterior 
forms"). For any A 6 Sec(E® E) the formula ( pT| ) defines a bracket on "1-forms". We have an analog 
of the complete lift (cf. | |GU| [GU2| ) 



Sec(E® k ) 3 A h-> A c e Sec((TE) m ) 

of the tensor algebra of sections of E into contravariant tensors on the total space E. The Lie algebroid 
bracket corresponds to a linear Poisson tensor A E on E* (which is just Am in the case E = TM) 
by (||). Since the tensor A E may be strongly degenerate, linear maps F : E* — > E do not determine 
the related tensors uniquely, so we cannot have the full analog of Theorem fj]. However, since for 
skew-symmetric tensors the formula ( |30| ) remains valid KSMj, a part of Theorem |l2| can be proved 
in the same way, mutatis mutandis, in the general Lie algebroid case. Thus we get the Lie algebroid 
version of Theorem 1 (cf. GUI | ) . 



Theorem 8 For any bisection A G A 2 (E) of a Lie algebroid E the following are equivalent: 

(i) A is a canonical structure, i.e. [A, A] = 0; 

(ii) [Ia induces a homomorphism o/[v]a ^ n i° th> e Lie algebroid bracket: 

Ha([/^]a) = [Ha(m) JaO)]; 



(31) 



(Hi) The canonical Poisson tensor Am and the negative of the complete lift — A c are ^-related. 



4 Jacobi algebroids and characterization of Jacobi structures 



We have introduced in Section 2 Jacobi and Poisson complete lifts related to Jacobi algebroids. For a 
standard Jacobi structure J = (A,T) on M we will denote these lifts of J by J and J c , respectively. 
The Jacobi lift J is the Jacobi structure on E = TM > 



J = (A c 



given by |GM | 
tA v +d t A(T C -tT v ),T v ), 



(32) 



where A" and T v are the vertical tangent lifts of A and T, respectively, and t is the standard linear 
coordinate in K. We consider here tangent lifts as tensors on TM©R = TM x R instead on TM. The 



(33) 



linear Jacobi structure ( p2| ) has been already considered by Iglesias and Marrero IM ] . 
Similarly, the Poisson lift J c is the linear Poisson tensor on TM © R given by [GM] 



J c = A C - tA v + d t A r c 



AT", 



where Atm is the Liouville (Euler) vector field on the vector bundle TM. This is exactly the linear 
Poisson tenso r corresponding to the Lie algebroid structure on T*M©R induced by J and discovered 
first in |KSB| : 



[(aJ)Aj3,g)}.J = (£|U(a)/3 ~~ Au(/3) a _ d < A - a A ^ > +/ £ r/3 - gC r a - i T a A/3, 
< A, P A a > +« A (a)(g) - UW)(f) + fT(g) ~ gT(f)), 



(34) 
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Of course, these lifts and an analog of the bracket (|34|) are well-defined for any first-order bidifferential 
operator 

J = A + I®T 1 +T 2 ®I + aI®I, (35) 

where A is a 2-contravariant tensor, T%, T 2 are vector fields, and a is a function on M . The associated 
bracket acts on functions on M by 

{/, g}j =< A, df © dg > +fT 1 (g) + gT 2 (f) + afg, 

The Jacobi lift of J is the first-order bidifferential operator on TM © R given by 

J = A c - tA v + d t ® (n - tTl) + (T c 2 - tT v 2 ) ® ft + (a c - ta v )d t © ft 
+/ (8) (rj + a"ft) + + a^) 8) I 

and the Poisson lift is the 2-contravariant tensor field 

J c = K c - tk v + d t ® {T\ - tT\) + {T c 2 - tT v 2 ) ® d t + {a c - ta v )d t ® d t 
+A E © (TJ + a v d t ) + (T v 2 + a"d t ) <& A E 
= A c - tA v +dt®r c 1+ r c 2 ®dt + (a c + ta")d t ® d t 

+a tm ® + ® a tm - 

The mapping )Jj : E* = T*M © R -v £ = TAf © K reads 

ttj(w a , A) = (ttA(^a) + XT 1 (x),T 2 (x){uj x ) + a(x)X). 

Note that any morphism from the vector bundle E* = T*M © K into _E = TM © E over the identity 
on M is of this form. 

The bidifferential operators J and J c define brackets {-, ■} j and {•, •} j e , respectively, on functions 
on TM © R. These brackets coincide on linear functions which close on a subalgebra with respect to 
them, so that they define the bracket [•, •] j on sections of T*M © R (which coincides with the bracket 
(|3~i| ) for skew-symmetric operators) by 

where /j, v are 1-forms, /, g are functions on M, and = +tf v ■ Here we identify T*M ©R with 

T*M x R and use the linear coordinate A in R. For the similar identification of TM © R we use the 
coordinate t of R in TM x R, since both R's play dual roles. 

We have two canonical structures on the vector bundle E* = T*M © R ~ T*M x R. One is the 
Jacobi structure (bracket) 

Jm = A M + A T * M Adx + dx A I (36) 

and the other is the Poisson structure Am regarded as the product of Aj\/ on T*M with the trivial 
structure on R. These brackets coincide on linear functions which close on a subalgebra with respect 
to both brackets, so that they define a Lie algebroid structure on the dual bundle E = TM © R. This 
is the Lie algebroid of first-order differential operators with the bracket 

[(XJ),(Y,g)] l = ([X,Y},(X(g)-Y(f)), 

where X, Y are vector fields and /, g are functions on M. 

Theorem 9 For a first- order bidifferential operator J the following are equivalent: 
(Jl) J is a Jacobi bracket; 

(J2) The canonical Jacobi bracket Jm and — J are jjj -related; 

(J3) There is a first- order bidifferential operator J\ such that Jm ond — J are %j x -related; 
(J4) There is a first- order bidifferential operator J\ such that Jm and —J\ are jjj -related; 
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(35) The contravariant tensors Am and — J c are jjj -related; 

(36) There is a first-order bidifferential operator 3\ such that Am and —J c are §j 1 -related; 

(37) There is a first-order bidifferential operator 3\ such that Am and — Jf are $j -related; 

(38) For any Tforms fi,v and functions f,g on M 

ltj([(^,/)>(f>ff)]j) = [h{^J),ti{v,g)]i- 

(39) There is a first- order bidifferential operator 3\ such that 

tU([0,/),(^5)]j) = [tU (;«,/), hAv, 9)] i- 

(J 10) There is a first- order bidifferential operator J\ such that 

h([{^J),(^9)]ji) = [fo((J;f),fo(v,9)]l- 

Before proving this theorem we introduce some notation and prove a lemma. For a first-order 
bidifferential operator 3 as in (|35| ) , the poissonization of J is the tensor field on M x K of the form 

Pj = e- s {A + d s ®T 1 +T 2 ®d s + ad s ® d„), (37) 

where s is the coordinate on E. Identifying T*(M x R) with T*M x T*R (with coordinates (s, A) in 
T*R) and T(M x R) with TM x TR (with coordinates (s,t) in TR) we can write 

Amxr = A M + dxAd s , 

P c j = e- s {A c -tA v +d t ®{T c l -tT v 1 ) + {T c 2 -tT v 2 )®dt 

+0 S ® (TJ + a v 8 t ) + (T v 2 + a v d t ) ®d s + (a c - ta v )d t ® d u 
$Pj(w x ,\ s ) = e~"($A(w x ) + \sTi(x),T2(x)(u} x ) + X a a(x)). 

In local coordinates x = (x l ) on M and adapted local coordinates (x,p) on T*M and (x,x) on TM 
we have 

(i',s, x\i) o $ Pj = (1', s , e" s (A fc > fc + ATj), e' s (r^ + Aa)) 

for A = A y 3 x . (g) T u = rjj9 x k, u = 1,2. It is well known that Pj is a Poisson tensor if and 
only if J is a Jacobi structure |Li|, pL| . In view of Theorem ||, we can conclude that J is a Jacobi 
structure if and only if A A / xR and Pj are related by the map jjp_, : T*(M xl)^ T(M x R). Since 
T(M x R) ~ E x R and T*(M x I) - £* x 1, we can consider the bundles E = TM © R and 
E* = T*M ©R as submanifolds of T(M x R) and T*(M x R), respectively, given by the equation 
s = 0. 

For any function 4> £ C°°(E) we denote by </> the function on T(M x R) = £xR given by $(u x , s) = 
e s cj)(v x ). Similarly, for any function ip 6 C°°(E*) we denote by </3 the function on T*(M x R) = E* x R 
given by tp(u x ,s) = e^e" 5 -^). 

It is a matter of easy calculations to prove the following. 

Lemma 1 (a) The maps <fi 1— > <$> and ^ </> are injective. 

(b) For any first-order bidifferential operator J, 

0°ttp, = {<t>°h)~- 

(c) For any 4>,ip e C°°(E), 

{4>j} P3 = ({4>,^r. 

(d) For any <j>, if) £ C°°(E*), 

{W}Amx« = ({<A>V'}jm)~- 
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(e) For linear <j>,i/) e C°°{E), 

{^}p S = {{<t>^}jo)-. 

(f) For linear <f>,ip £ C°°(E*), 

Proof of Theorem ^ Due to the above Lemma the following identities are valid for arbitrary cj>, ip 6 
C°° (E) and arbitrary first-order bidifferential operators J, J\ : 

({0>}j°ttjl)~ = O ttPj! = {4>A}P- ° ttP. 7l 

({^ ttj 1) ^ ttj 1 }j M )~ = {(^ IU)~,(V'°IU)~}A MXR = {0°lJP7 i; ' , /' O ttP.7 1 }AA f xM- 

Thus 

-{»},/ ° lh = ° hi-,^° hi) Jm 

if and only if 

- {</>, '/'Ipj ° Spj, = ° ttp 7l , V 1 o ttp 7l }a MxK , (38) 

which means that Jm and — J are (J/j -related if and only if A a/ xr and the complete lift of the pois- 
sonization —Pj are jjp^ -related. Due to Theorem ||, we get that Pj 1 = Pj and the poissonization Pj 
is a Poisson tensor what, in turn, is equivalent to the fact that J is a Jacobi bracket. Thus we get 

(Jl) <s> (J2) (J3) (J4). 

Using now linear functions <f>,ip, we get in a similar way that ( ^8|) is equivalent to 

-{0, lj}}j c O (Jjj = {0 o (j Jt , i/> o D Jx } Am 

which, due to Theorem ||, gives 

(Jl) <^ (J5) (J6) ^> (J7). 
Finally, completely analogously to @) we get (J5) <^> (J8) «4> (J9) <^> (JIO). ■ 



Remark. In the above proof we get the lifts J, J c , and the map fjj in a natural way by using the 



poissonization and its tangent lift. This is a geometric version of the methods in [Va| for obtaining J' 



Note also that Jm is the canonical Jacobi structure on T*M x M regarded as a contact manifold in a 



natural way and that the equivalence (Jl) ^ ( J 8) is a version of the characterization in |MMP] 



The above theorem characterizing Jacobi structures one can generalize to canonical structures 
associated with Jacobi algebroids as follows. 

Consider now a Jacobi algebroid, i.e. a vector bundle E over M equipped with a Lie algebroid 
bracket [•, •] and a 'closed 1-form' $ e £l l (E). We denote by [, •, •] the Schouten-Nijenhuis bracket of 
the Lie algebroid and by T(E) 3 X i— > X c G T(TE) the complete lift from the tensor algebra of E 
into the tensor algebra of TE. The corresponding Schouten- Jacobi bracket we denote by [■,•]$ and 
the corresponding complete Jacobi and Poisson lifts by T{E) 3 X X§ £ T(TE) and T(E) 3Ih 
Xg e T{TE), respectively. 

If the 1-cocycle $ is exact, $ = ds, we can obtain the bracket [■, ■]$ from [•, •] using the linear 
automorphism of A{E) defined by A k (E) 3Ih e'^-^'X (cf. ]GMl|] ). This is a version of the 



Witten's trick [ Wi| to obtain the deformed exterior differential d /i = d/i + <I>A/i via the automorphism 



of the cotangent bundle given by multiplication by e s 

Even if the 1-cocycle <E> is not exact, there is a nice construction IM1] which allows to view <!> as 
being exact but for an extended Lie algebroid in the bundle E = E x R over M x R. The sections 
of this bundle may be viewed as parameter-dependent (s-dependent) sections of E. The sections of E 
form a Lie subalgebra of s-independent sections in the Lie algebroid E which generate the C°° (M x R)- 
module of sections of E and the whole structure is uniquely determined by putting the anchor p(X) of 
a s-independent section X to be p(X) = p{X) + ($, X)d s , where s is the standard coordinate function 
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in K and p is the anchor in E. All this is consistent (thanks to the fact that $ is a cocycle) and defines 
a Lie algebroid structure on E with the exterior derivative d satisfying ds = 

Let now U : T(E) — > T{E) be natural embedding of the tensor algebra of E into the tensor subalge- 
bra of s-independent sections of E. It is obvious that on skew-symmetric tensors U is a homomorphism 
of the corresponding Schouten brackets: 

[U(X),U<Y)Y=U{\X,Y\), 

where we use the notation [•, •] and [•, -]"for the Schouten brackets in E and E, respectively. Let us 
now gauge T{E) inside T(E) by putting 

P*(X) = e - ks u(x) 

for any element X £ 5ec(£ , ® ( - fc+1 - ) ). Note that X i— > P*(X)Here by poly differential operators we under- 
stand skew-symmetric multidifferential operators, preserves the grading but not the tensor product. 
It can be easily proved (cf. | GM1 |) that the Schouten- Jacobi bracket [•,•]* can be obtained by this 
gauging from the Lie algebroid bracket. 



Theorem 10 ( pM^ j) For any X £ A{E), Y £ A { E) we have 

[p*(x),p*(r)r=p*([x,y]»). (39) 

We will usually skip the symbol U and write simply P*(X) = e~ ks X, regarding T(E) as embedded 
in T(E). The complete lift for the Lie algebroid E will be denoted by X i— » X c to distinguish from 
the lift for E. It is easy to see that 

(P tE, (X)) s = {e- ks Xf = e- ks {X c - ki^X v + d s A (i^X) v ). 

Here we understand tensors on E as tensors on E = E x R in obvious way. Note that (E*) — (E)* 
and the linear Poisson tensor A E reads 

A g * = A E ' Ad s , 

where A E is the Poisson tensor corresponding to the Lie algebroid E and $" is the vertical lift of 
Recall that on E* we have also a canonical Jacobi structure 

Jf = A E " + Ae* A - J A $* 

which generates a Jacobi bracket which coincides with the Poisson bracket of A E on linear functions. 

Let us remark that the map P* plays the role of a generalized poissonization. Indeed, for the 
Jacobi algebroid of first-order differential operators E = TM © R the extended Lie algebroid E x R is 
canonically isomorphic with T(M x R), U({X, /)) = X + fd s , and for J G Sec(P® 2 ) the tensor field 
P*(J) coincides with ©. 

Let now J £ ^l 2 (P). The tensor J is a canonical structure for the Jacobi algebroid (E, <&), i.e. 
[J, J]$ = 0, if and only if P*(J) is a canonical structure for the Lie algebroid E, i.e. |P*(J), P*(J)]* = 
0. Moreover, 

ttp*(/)(wx,s) = (e~ s lj(u x ), s). 

Like above, for any function <f> £ C°°(E) we denote by the function on P = P x R given by 
^EivxiS) — g s 4>{v x ) and for any function ip £ C°°(E*) we denote by <p the function on E* = E* x R 
given by (p{u x ,s) = e s <p(e~ s u x ). Recall that (cf. Section 2) 

J$ = J c - t$ J u + / A (i$ J)" 

and 

j| = J e -L 9 J v +A E A(i 9 J) v . 
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The corresponding brackets on functions on E coincide on linear functions and define a bracket [•, •],/ 
on sections of E* in the standard way: 

Completely analogously to Lemma 1 we get the following. 
Lemma 2 (a) The maps <j) i— » <f> and ip i— » (p are injective. 
(b) For any J G A 2 {E) 



(c) For any faip G C°°{E) 

(d) For any (j>,ip G C°°(£;*) 
fej For linear 0, V G C°°(£;) 
f/J For linear tf>,ip £ C°°(E*) 



0° Up*(j) = (0° hT ■ 
{4>,lp} ( P* ( jyf = {{4>A}%Y 

{4>,i>} A E* = {{<t>,i>}j*;*)~ 



Now, repeating the arguments from the classical case, one easily derives the following. 

Theorem 11 For any bisection J G A 2 {E) of the vector bundle E of a Jacobi algebroid {E, $) the 
following are equivalent: 

(1) J is a canonical structure, i.e. [J, J]$ = 0; 

(2) The canonical Jacobi bracket jj' and — J$ are (jj-reZated; 
f5j TTie bivector fields A E and — J% are %j-related; 

(4) For any '1- forms' /i, v G fi (E), 

where the bracket on the right-hand-side is the Lie algebroid bracket on E. 



Note that a canonical structure for a Jacobi algebroid gives rise to a tri angular Jacobi bialgebroid [GM| 



(or a triangular generalized Lie bialgebroid in the terminology of [ [Ml ]). 
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